
Chapter 1

Simple machines,
equilibrium, and motion

1.1 Concepts of motion through the ages

Physics is more than mathematics. Otherwise Einstein would have predicted
black holes.

Brief history. One central issue has to do with default motion, sometimes
called inertial motion.

• Greeks-Things tend to stop unless given motivation to continue except
Aristotle allowed “Now rotary motion can be eternal. . . ”.

• “Just as heavy and light bodies are moved by their own inclinations and
tendencies, so celestial bodies are moved circularly in place by their own
natural inclinations similar to weight in order to conserve corruptible
things, lest they suddenly perish and fail.” Robert Kilwardly, Dominican
scholar in 1271

• Copernicus- Also worshipped the circle. Forced to keep epicycles in his
heliocentric model (actually a Greek invention) in order to preserve the
sacred circle of inertial motion. Did not connect natural motion (falling)
with planetary motion.

• Galileo- Things on Earth naturally fall (natural motion) unless prevented.
Things in the heavens tend to go in circles. In principle things on the
Earth’s surface would like to go in circles, too, but they always meet with
resistance and bump into things. Did not connect natural motion (falling)
with planetary motion. In fact he said “He (Kepler)became interested in
the action of the moon on the water, and other occult phenomena, and
similar childishness.”
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• Kepler-Suspected that the Sun played a role in moving the planets. Re-
placed angels with the Sun.“The sunhimself at rest and yet the source of
motiondistributes his motive force through a medium which contains the
moving bodies even as the Father creates through the Holy Ghost.”

• Throughout this speculation, simple machines were used to great practical
effect and, in the end, provided clues regarding the rules governing moving
bodies. This thread was picked up by Huygens.

Throughout this chapter we will use speeds rather than velocities. Thus v1
and v2 are (postive) speeds of objects with weights w1 and w2.

1.2 Newton’s second law of motion from Galileo’s
law of falling bodies

Since free fall acceleration is constant and the weight of an object is independent
of altitude it is reasonable to guess. That the weight is responsible for the
acceleration. The fact that the value of free fall acceleration does not depend on
the weight of an object can be accounted for by recognizing that heavier objects
are harder to push (on ice for example) and assuming that this resistance to
pushing (aka inertia) is strictly proportional to weight. Then we have

F = ma

kmg = ma

a = kg

Choose units so that k = 1.
Tell story of children and crumpled paper.
Ask: How do we know that the weight of a falling object is the same as the

object at rest. Alternative explanation: The weight is proportional to velocity
and the weight is increasing at a constant rate. Need a direct measurement.
How?

There is another line of reasoning altogether, which is perhaps less specula-
tive.

1.3 Simple machines and the center of gravity

1.3.1 The center of gravity

The altitude of the center of gravity is defined to be

Y =
w1 × y1 + w2 × y2

w1 + w2
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Figure 1.1: W = 27 lbs, w = 9 lbs, D = 1′, d = 3′.

If displacement of the machine caused y1 and y2 to change then

∆Y =
w1 × ∆y1 + w2 × ∆y2

w1 + w2

1.3.2 The lever

Note that the center of gravity in figure 1.1 does not change elevation if the
lever rocks.

1.3.3 The inclined plane

Consider the inclined plane in figure 1.2. The incline angle evidently satisfies
sin θ = 4/12. If the weight P drops a distance D then the weight W changes its
elevation by ∆yW = D sin θ. The change in center of gravity is then

∆Y =
−P ×D +W ×D sin θ

P +W

Setting ∆Y = 0 then requires P = W sin θ = W/3 as illustrated in the
figure.

Figure 1.2: from Quackenbos, Natural Philosophy [2].

1.3.4 The pulley

We will apply the equilibrium rule of pulley systems A, C, and E of figure 1.3
to calculate how much weight must be added to each free end to put the pulley
system in equilibrium balancing the weight L.

In system A, if a weight equal to L is attached on the left then if the center
of mass clearly does not change if each weight moves one inch.
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In system C, if L rises 1” then the weight W on the left will go down 2”.
Requiring ∆Y leads to

−2” ×W + 1” × L = 0 W = L/2

In system E, if L rises 1” then the weight W on the left will go down 3”.
Requiring ∆Y leads to

−3” ×W + 1” × L = 0 W = L/3

Figure 1.3: Suppose that weights are to be attached to the free ends to balance
the pulleys.

1.3.5 The general rule regarding the center of mass of
simple and compound machines

“For in mechanics it is a most certain axiom that the common center of gravity
of bodies can not be raised by a motion that arises from their weight.” Huygens.
Note that the center of gravity can rise due to the “force of inertia”.

Final example from Feynman. Figure 1.4 shows a combination machine.
What weight is necessary for equilibrium?

Figure 1.4: From the Feynman Lectures.

1.4 Galileo’s pendulum experiments

The speed of the pendulum bob after falling a given height is independent of
the path; only the direction is different. So, if the bob falls a height it gains the
same speed as natural motion occuring through the same height.
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Figure 1.5: From Two New Sciences. [1]

Thus, height provides some kind of measure of motion acquired by the action
of gravity. If two pendulum bobs collide after swinging (falling) from opposite
directions and bounce back to the same height, we may suppose that nothing
has been lost in the collision.

1.5 Kinematics

1.5.1 Graphical analysis

Figure 1.6: For constant acceleration from rest, speed squared is proportional
to distance fallen.

1.5.2 Using calculus

Integration constants correspond to initial postion x0 and velocity v0.

1.6 Huygen’s solution to the problem of colli-
sions

“De motu corporum ex percussione” or “On the motion of bodies resulting
from impact”- 1652-1666. Announced 1668, published in 1669. Newton’s work
published in 1687.

Huygen’s assumptions:

• “Any body once moved continues to move, if nothing prevents it, at the
same constant speed and along a straight.”

• “Whatever the cause of the rebound of hard bodies from mutual contact
when they collide with one another, we posit that wen two equal bodies
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with equal speed collide directly with one another from opposite directions
each rebounds with the same speed with which it approached.” In more
modern terms, we are assuming that the collision is invariant under the
reversal of time.

• “The motion of bodies and their equal and unequal speeds are to be un-
derstood respectively, in relation to other bodies which are considered at
rest, even though perhps both the former and the latter are involved in
another common motion. . . . Thus, if someone conveyed on a boat that
is moving with a uniform motion were to cause equal balls to strike one
another at equal speeds with respect to himself and the parts of the boat,
we say that both should rebound also at equal speeds with respect to the
same passenger, just as would clearly happen if he were to cause the same
balls to collide at equal speeds in a boat at rest or while standing on the
ground.” This is the principle of relativity.

• “If a large body meets a smaller one at rest, it will give it some of its
motion and hence lose something of its own.”

• “When two hard bodies meet each other, if, after impulse, one of them
happens to conserve all the motion that it had, then likewise nothing will
be taken from or added to the motion of the other.”

1.6.1 Huygen’s Proposition I

“If a body at rest is struck by another equal body, after contact the latter will
be at rest, and the body at rest will acquire the speed that was in the striking
body.”

1.6.2 Using Huygen’s principle of relativity

Exercise:Putty ball collision

One ball of putty traveling at 10 m/s collides with an identical ball of putty at
rest. They stick together. Find the final speed of the balls using only Huygen’s
assumptions.

Exercise:Unequal speeds (Proposition II)

One hard ball traveling at 3 m/s collides with an identical hard ball traveling
at 2 m/s. What are their respective speeds after the collision? Use only Huygen’s
assumptions.

Exercise:Speed of separation (Proposition IV)

One hard ball traveling at 3 m/s collides with a more massive hard ball at
rest. What is their relative speed after the collision.Use only Huygen’s assump-
tions.
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1.7 Huygen’s Proposition V

“If two bodies each collide again at the speed at which they rebounded from
impulse, after the second impluse each will acquire the same speed at which it
was moved toward the first collision.”

This proposition is related to the assumption of time reversal invariance.

1.8 Andersen’s proposition you can’t refuse!

Suppose two balls are released from rest. After collision, balls always achieve
their initial center of gravity. If they did not then after the second collision they
would achieve a center of gravity a greater than their initial center of gravity.

1.9 Huygen’s Proposition VIII

“If two bodies, the speeds of which correspond inversely to the magnitudes,
collide with each other from opposite directions, each will rebound at the same
speed at which it approached.”

Suppose our two balls, 1 and 2, have weights w1 and w2, and speeds v1 and
v2 just before collision. Consider the case of a fixed relative speed of approach
V = v1 + v2. Using v2 = 2gy we may write the center of mass altitude

Y =
w1y1 + w2y2
w1 + w2

=
w1v

2
1 + w2v

2
2

2g(w1 + w2)
=
w1v

2
1 + w2(V − v1)2

2g(w1 + w2)
= 0

Let us find the value of v1 which extremizes Y under the constraint V . The
first derivative is then

dY

dv1
=
w1v1 − w2(V − v1)

g(w1 + w2)
=
w1v1 − w2v2
g(w1 + w2)

The extremum condition is then w1v1 = w2v2. The second derivative is then

d2Y

dv21
=

w1 + w2

g(w1 + w2)
> 0

So we have found that the condition w1v1 = w2v2 ensures the minimum
possible center of mass altitude for a given fixed relative speed.

We have obtained a kind of symmetry similar to the Huygen’s second as-
sumption. When the balls are not equally heavy, we know how to adjust their
relative speeds so that they, in some sense, possess equal amounts of motion.
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