
QOD #16 Solution 
 
In order to guarantee your release you must know the initial state of the light-bulb.               
Let us imagine that it starts in the “on” position: 
 
The strategy: 
Before you are all locked up, you may appoint a leader. Everyone except the leader               
will turn the light on if it is off, but will do this only once. The leader will always turn                    
the light off, and will count the number of times he or she does so. Once the leader                  
counts to 35, it is guaranteed that everyone has visited the room once. (If the light                
started “off”, it would be 34) 
 
Answer to the bonus: 
There is a 99% chance of everyone having visited the room at least once after 23.5                
hours.  
 
We will present two different solutions. 
 
With Python and matrices: 
 
Consider the following, exhaustive set of possible scenarios which might be true at             
any time:  

● 1 unique person has visited the room. 
● 2 unique people have visited the room. 
● …. 
● 35 unique people have visited the room. 

 
The probability that the state “n unique have visited” will transition to “n+1 unique              
have visited” with every 5-minute period is (35-n)/35, while the probability that a state              
n remains state n is (n/35). 
 
Let us think of a column vector that represents the probability of each state at a                
particular time.  
 

 



 
 
We care about p(35). Specifically, we want to know when p(35) will equal 0.99, when               
we know that at time = 5 minutes, p(1) is 1 and all other states are impossible. Given                  
that we multiply by the transition matrix with every 5 minutes, we see that we are in                 
fact raising the transition matrix to a power m, which we wish to solve for. 
 
To do this by hand, it is desirable to diagonalize the matrix. If you not familiar with the                  
process of finding an eigenbasis for a linear operator, you may wish to search the               
subject online. 
 
Fortunately, you are all already at the point where you should be able to solve this                
problem with a short python program. Here is such a program: 
 

from __future__ import division 
from numpy import * 
 
# Number of students 
N = 35 
 
# build the transition matrix 
A = mat(zeros((N,N))) 
for i in range(N+1)[1:]: 
    A[i,i] = (i)/N 
    if i < N: 
        A[i1,i] = (Ni)/N 
 
# build the initial state vector 
v1 = mat(zeros((N,1))) 
v1[N1][0] = 1 
 
# store the current state vector 
v = v1 
 
# count the number of iterations 
n = 1 
 
# iterate in time by 5 minute increments 

 



# until we get to a probability of 0.99 
# for everyone having visited at least once 
while v[0,0] < 0.99: 
    v = A*v 
    n+=1 
 
# print the solution, in hours 
print n*5/60 

 
 
Using Combinatorics: 
 
We know that there exist exactly 35^n possible sequences of people entering the             
room in 5*n minutes. 
 
We want to count the number of orderings in which all of the 35 students have                
entered the room at least once. 
 
From 35^n, we subtract off the number of ways in which at most 34 could have                
entered the room: 
 
There are 35 ways to exclude one person from entering the room, and for each               
exclusion, 34^n possible sequences for the remaining 34 people to enter in 5*n             
minutes. Hence, we subtract 35*34^N from our total. 
 
Our probability of everyone having been once is 
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Which is greater than 0.99 

when 
N > 281.518 

282 * 5 / 60 = 23.5 hours 
 

 


